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Abstract — The study of various mathematical problems (such as elasticity, non-Newtonian fluids and electrorheological fluids)
with variable exponent growth condition has been received considerable attention in recent years. These problems are
interesting in applications and raise many difficult mathematical problems. There are also a lot of published papers in these
spaces. Vector-valued Lebesgue spaces are widely used in analysis, abstract evolution equations and in the theory of integral
operators. In this paper we recall the weighted vector-valued classical and variable exponent Lebesgue spaces. We define a
intersection space of vector-valued weighted classical Lebesgue and variable exponent Lebesgue spaces. We discuss some
basic properties, such as, Banach space, dense subspaces and Holder type inequalities of these spaces. We will also show that
every elements of vector-valued these spaces are locally integrable. Moreover, we investigate several embeddings and
continuous embeddings properties of these spaces under some conditions with respect to exponents and two weight functions.

Keywords — Vector-valued weighted classical and variable exponent Lebesgue spaces, locally integrable, continuous
embedding

I. INTRODUCTION usual Lebesgue norm ||. [[,, [10]. In this paper we assume that

The variable exponent Lebesgue space LPO(R™) and p* < . _ )
Sobolev space W PO (R™) were introduced by Kovacik and A positive, meaSl_JrabIe and Iocal_ly mtegrat_)le function _
Rékosnik [10] In 1991. Since 1991, variable exponent O:R" = (0,%) is called a weight function. The weighted
Lebesgue, Sobolev, Besov, Triebel-Lizorkin, Lorentz, ~modularis defined by
amalgam and Morrey spaces, have attracted many attentions P20 () = [nl fCOIPEY(x)dx.
(see [10], [5], [7], [6]). Vector-valued variable exponent
Bochner-Lebesgue spaces LPO (R™, E) defined by Cheng and
Xu [4] in 2013. They proved dual space, the reflexivity, 1
uniformly  convexity and uniformly smoothness of  [Ifll,0)0 = ||f19?’(->
LPO(R™, E). Furthermore, they gave some properties of the
Banach valued Bochner-Sobolev spaces with variable

The weighted variable exponent Lebesgue space Lg(')(IR”)
consists of all measurable functions f on R™ for which

< o0,
r()

Theorem 2. Let — + — = 1 and 9* = 9190, Then for

exponent. PO " a0
Il. PRELIMINARIES f e LY (RY) and g € L% (R™), we have fg € L'(R™) and
Definition 1. For a measurable function p:R"™ - [1,00) If C)g@)ldx < Clifllp)0llgllpe),0°
(called a variable exponent on R™), we put for some CfR> 0 POSITIPO
e e :
P = essinf xegnp (%), p-= esssupxem{np(x)_ ) Proof. By the Holder inequality for variable exponent
The variable exponent Lebesgue spaces LPO(R™) consist of Lebesgue spaces, we get
all measurable functions f such that p,,(yf) < oo for some 11
¥ > 0, equipped with the Luxemburg norm Janl f ) g () |dx = fRn|f(x)g(x)|l9”10 POdx
£ Ny = inf {Y > 0:pp0) (f—,) < 1}7 <C ||f19m ||g19_m
Q) qa()
where for some C > 0. That is the desired result.
o) () = Jgnl f ()PP dlx. So the dual space of Lf’g(')(]R{") is LZ(;)(R"), where —— + — =

) ; p() a0
If p* < oo, then f € LPO(R™) iff p,((f) < 0. The space 1and 9° = 9190

(LPO(RM), |I. ||_p(.)) is a Banach space. 'f_ p_(.) =pr IS @ et (£ |I.Il;) be a Banach space and E* its dual space and
constant function, then the norm ||. |, coincides with the  (q, 5, ;) be a measure space.
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Definition 3. A function f:02 — E Bochner (or strongly) u-
measurable if there exists a sequence {f;,} of simple functions
fni 2 = E such that f,,(x) = f(x) (in E) as n—oo for almost
allx € Q[8].

Theorem 4. A u-measurable function f:02 — E is Bochner
integrable if and only if [.Ifllzdu < oo [8].
Definition 5. A function F: 2 — E is called a vector measure,
if for all sequences {4,} of pairwise disjoint members of X
such that Up-; A4, €% and F(Up-i4,) = X F(4,),
where the series converges in the norm topology of E.
Let F: X — E be a vector measure. The variation of F is the
function ||F||: £ — [0, o] defined by

IFII(A) = supy XgellF (B)lg,
where the supremum is taken over all finite disjoint partitions
m of A. If ||F||(Q) < oo, then F is called a measure of
bounded variation [8].
Definition 6. A Banach space E has the Radon-Nikodym
property (RNP) with respect to (€,Z,u) if for each vector
measure F:X — E of bounded variation, which is absolutely
continuous with respect to u, there exists a function g €
LY(Q, E) such that

F(A) =, gdu

forall A € X [8].
Definition 7. Let 9 be a weight function and 1 <p~ <

p(.) < p* < . The weighted variable exponent Bochner-
Lebesgue space Lg(')(]R”,E) stands for all (equivalence

classes of) E -valued Bochner integrable functions f on R"
such that

LR E) = {f:1If o0 < 0},
where |Ifll,)06 = fﬁ% |p(_)'E
The following properties proved by Cheng and Xu [4];

(i) feLlLP®YE) & IFOILY € Ly R

(ii) Lf;(')(]R", E) is a generalization of the L’g(') (R™, E) spaces.
(iiii) If E = R or C, then L7 (R, E) = 150 (R™).

Theorem 8. Lf;(')(]R",E) is a Banach space with respect to

Il 11,0,
Proof. Let {u;} be a Cauchy sequence in L’l’,(')(]R",E). Then,

1
{ujﬁp_(-)} is a Cauchy sequence in the Banach space
LPO(R™, E) in [7] due to

[l — ukllp(.),ﬁ,E - | |p(-).E

s0 it converges to some u in LPO(R™, E). Consequently, {u;}

-0

1
|(u]- — ;. )9P0

1
converges to ud »0 in Lg(') (RY E).
It is known that every weight function is equivalent to a
continuous weight function. So we assume that the weight
function 9 is continuous (see [13]). Let C.(R™, E) denote the
space of all E -valued continuous functions on R™ with
compact support.
Theorem 9. C.(R™ E) is dense in Lg(')(]R", E).with respect
to || llp),0,6-

17

1
Proof. Let feL5”(R"E). Then f970 € LPO(R™E).
Since C.(R™,E) is dense in LPO(R™, E), then there exists a
function f. € C.(R™, E) such that

1
lr=sol, =l

1
()

- 0,
p()Y.E p().E

1
where ud »0 € C.(R™ E) . This completes the proof.

—fe

1. RESULTS
We the AP (R E) = Ly (R, E)
Lg(z') (R™,E) is a Banach space with the sum norm

A6 e = Wf o,z + 1F g,

where f € Alp()(]R",E).

We say that 191 < 9, if and only if there exists a C > 0 such

that 9, (x) < CI9,(x) for all x € R™. Two weight functions

are called equivalent and written 9, ~9,, if 9; <9, and 9, <

;.

Plroposition 10. Let 9;,9,, 93 and 9, be weight functions on

R™ If 9,<9Y; and 9, <9,, then the embedding
AGPS (R E) © 4379 (R™, E) holds.

Proof. Let f € Al”()(]R{", E). Since 9; <95 and 9, < U,,

then there exist Cl, C, > 0 such that 9; (x) < C;9;(x) and

9,(x) < C,9,(x) for al xeR" Hence we have

LY, (R%E) & LY (R%E) and LY (R™E) & L5V (R™,E).

define space

Using definition of the norm ||. ”119'1),1(92,5 we can write
IAIPS) 2 = If o,z + 1F N0,
< Cillfllo,8 + Collf lp),0,.6
< CIFIGES) 5.
where C = maks{C,, C,}.
Corollary 11. If 9;~95 and 9,~9,, then the embedding
AGPS (R E) = AGPS) (R, E) holds,

Definition 12. Let pl(.) and p,(.) be exponents on R™. We
say that p,(.) is non-weaker than p;(.) if and only if
D, (x,t) = tP1® is non-weaker than @, (x,t) = tPz™ in
the sense of Musielak [12], i.e. there exist constants K, K, >
0 and h € L*(R"),h = 0, such that for a.e. x € R" and all
t=0

@, (x,t) < K@, (x, Kyt) + h(x).
We write p; < p, [6].
Proposition 13. If p, <p,
LPz(-) (R, E) & LP1(-) (R™, E).

Proof. Since p; < p,, then L”Z() (R, E) & Lpl() (R", E) by
Theorem 8.5 of [12]. Also by usmg Proposition 2 6 in [2], we
have L5 (R", E) & L1 (R™, E).

Corollary 14. If 9; < 95,9, <9, and p, < p,, then the
embedding A% pZ()(]R{” E) o AY pl()(]R{” E) holds.

Theorem 15. Let p.(.) and pz(.) be variable exponents

and 9; <9,, then

satisfying 1<p; <p()<p()<pf <o and
91 ; p2()
e | P < o0, Then the embedding Ly (RY,E) &
p20-p1()" 2

L5 (R, E) holds.
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Proof. Suppose that f EL?Z(') (R™,E). It is known that

p2() rmn 1) rmn Y1
L192 (]R,E)‘—)Lﬁl (RY,E) N

with

0
r20) <

) p20-p10)"?
(Theorem 5.1, [9]). This completes the proof.

Theorem 16. Let p;(.) and p,(.) be variable exponents on
R™. If the inclusion AlpZO(IR{” E) c AY pl()(]R{” E) holds
for the weights 9;,9,, 95 and 9, if and onIy |f the embedding

39:39?(]1%71 E) o Al pl()(]Rn E) is satisfied.

Proof. The sufficient condition of the theorem is clear by the
definition of continuous embedding. Now, assume that the

inclusion AlpZ()(R” E) c AY pl()(IR{" E) is valid. Moreover,
we define the sum norm |||f]]l = ||f||§p119(2?5 + ||f||119”f9()5

is easy to see that ( “’2()(]12{” E) | |||) is a Banach space.
If we define the unit function I from ( 1”2()(Rn E) I |||)

to (wzi)(Rn E), |l ||119p,§i',)5), then the function I is
continuous. Because we can obtain the inequality
ICOHIET2Y = IF T2, < NIFIIl. By Banach's theorem 1
is a homeomorphism, see [3]. So the norms |||.|]| and

. IIfg'zfng are equivalent. Thus, for every f € Alpz()(]Rgn E)

there exists a k > 0 such that

I < KIFIGE2.
By the definition of the norm [||. ||| we have

IFIEP < HFII< KIFIGES.
Let 1 < s < oo. Consider the mapping @ from A3 P0) 5, (R, E)
into L3, (R™,E) x L5\’ (R™, E) defined by cp(f) =(f, ).
This is a linear isometry of Asp()(]R{" E) into Ly, (R™, E) x
Lg(z)(]Rn,E) with the norm
GO = flls0,6 + Wflp0,0,6
for fe A”’()(Rn E). Hence it is easy to see that
Sp(i(]R{” E) is a closed subspace of the Banach space
L5, (R™, E) x L5 (R™, E). Let
={(.:f € 4305, (", B

and
K =

(0, 9): (9, ¥) € Liy; (R™, E*) x L7 (R", E"),

fRnf(x)fp(x)dx + e FOI¥dy = 0, forall (f,f) € H

where, —+——1a d—+?

The foIIowmg Proposition is easily proved by Duality
Theorem 1.7 in [11].

Proposition 17. The dual space (Sp()(]R” E)) of

;fé) (R™, E) is isomorphic to Ly (R™, E*) x L‘é(;)(]R{”,E ).

REFERENCES

I. Aydm, Weighted variable Sobolev spaces and capacity, J Funct
Space Appl, Volume 2012, Article ID 132690, 17 pages,
doi:10.1155/2012/132690.

[1]

18

[2]
[3]
[4]
[5]

[6]
[71
(8]
[
[10]
[11]
[12]

[13]

1. Aydin, On variable exponent amalgam spaces, Analele Stiint Univ,
Vol.20(3), 5-20, 2012.

H. Cartan, Differential calculus, Hermann, Paris-France, 1971.

C. Cheng and J. Xu, Geometric properties of Banach space valued
Bochner-Lebesgue spaces with variable exponent, J Math Inequal,
Vol.7(3), 461-475, 2013.

D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue Spaces:
Foundations and Harmonic Analysis (Applied and Numerical
Harmonic Analysis), Birkhauser/Springer, Heidelberg, 2013.

L. Diening, Maximal function on generalized Lebesgue spaces LPO,
Math. Inequal. Appl. 7, no.2, 245-253, 2004.

L. Diening, P. Harjulehto, P. Héstd, and M. Ruzicka, Lebesgue and
Sobolev spaces with variable exponents, Lecture Notes in
Mathematics, vol. 2017, Springer, Heidelberg, 2011.

J. Diestel and J.J. UHL, Vector measures, Amer Math Soc, 1977.

E. Edmunds, A. Fiorenza and A. Meskhi, On a measure of non-
compactness for some classical operators, Acta Math. Sin. 22, no.6,
1847-1862, 2006.

0. Kovacik and J. Rakosnik, On spaces LP® and WXP®  Czech Math
J. 41(116), 592-618, 1991.

T. S. Liu and A. Van Rooij, Sums and intersections of normed linear
spaces, Math. Nach. 42, 29-42, 1969.

J. Musielak, Orlicz spaces and modular spaces, Springer-Verlag,
Lecture Notes in Math., 1983.

R. Spector, Sur la structure locale des groupes abéliens localement
compacts, Bull. Soc. Math. France Suppl. Mém. 24, 94. MR 44#729.
Zbl 215.18603, 1970.





